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Optimal Desaturation of Momentum Exchange Control Systems
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This paper describes a new and systematic approach to the problem of "desaturating" mo-
mentum exchange controller devices as used, for instance, in attitude control systems for
orbiting spacecrafts. This particular approach is notably efficient because it makes optimal
use of the natural external environmental torques acting on the spacecraft (gravity-gradient
torques, aerodynamic torques, etc.)- Two cases are treated: one where the predominant
external disturbing torques are due to well-behaved gravity-gradient torque functions which
are assumed completely known a priori; and a more general case where the magnitude and
waveform of the disturbance torque functions are unknown (and cannot be measured) but
are known to satisfy some given fcth-degree linear differential equation. In this latter case,
a novel real-time, on-line, physically realizable disturbance estimator is used to obtain an
accurate estimate of the external disturbance torques acting on the spacecraft, based on
measurements of only the current system state vector. The problem of optimal desaturation
of the momentum exchange controller is cast into the mathematical format of a minimal en-
ergy optimization problem for a plant represented by a linear, time-varying differential equa-
tion with a time-vary ing forcing term.

1. Introduction

THE use of the angular momentum of spinning inertia
wheels to provide control torques for positioning rigid

bodies has been of interest for some time.1"19 Two types of
these so-called angular momentum exchange devices have
been studied in the literature; the Reaction Wheel system,2"8

and the Control Moment Gyro (CMG) system.9"19 Both
of these systems allow the resultant momentum vector of the
controller to be changed in both magnitude and direction (in
the CMG case by forced precession of the individual wheel
spin axes, and in the reaction wheel case by forced changes
in the individual wheel speeds). The resulting reaction
torques exerted on the rigid body are used for control pur-
poses. The control torques produced in this manner can be
varied in an extremely smooth fashion and thus, in precision
control applications, offer a significant improvement over
more conventional on-off type controllers (such as reaction
jet devices, etc.).

Fig. 1 depicts a general rigid body with an angular mo-
mentum exchange controller. It is assumed that certain
types of environmental (external) torques may be acting on
the body. Let H»,HC represent, respectively, the angular
momentum of the body and controller measured about the
system mass center. The principle of, angular momentum
states that the absolute time rate of change of the system's
total angular momentum vector (body plus controller),
measured about the system mass center, is equal to the applied
external torque vector Tex measured about the system mass
center.

d/dt(H) = Tex, H = EU + Hc (1)
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Suppose the rigid body in Fig. 1, whose rotational motion is
described by Eq. (1), is a space vehicle (manned or unmanned)
which is required to move through space in accordance with
some specified mission. In that case, the vehicle mission
dictates the vehicle angular momentum required at a given
instant. Therefore, the controller must change its momentum
vector to maintain the vehicle momentum vector at the
desired magnitude and direction. It follows from Eq. (1)
that the controller momentum vector must satisfy

H:e(t) = f ' Tex
J to

H50 - Hvd(t) (2)
where Hso = initial system momentum (H»0 + Hco) and
Hud = desired vehicle momentum. Differentiating the
balance expression (2) gives

d/dt\Bc(i)] - d/dt\Hvd(£)] (3)

Equation (3) expresses the rate at which the controller must
be able to change its momentum vector in order to prevent
unwanted changes in the vehicle's angular momentum vector.
It is assumed hereafter that the controller system is designed
with the capability to change Hc fast enough to accommodate
the expected external torques as required by Eq. (3).

While Eq. (3) dictates the rate d/dt(Hc) at which the con-
troller must be able to change the vector Hc, Eq. (2) indicates
the magnitude and direction required of Hc. Even though
the initial system momentum H50 and the desired vehicle
momentum Hvd may be relatively small, the integral of the
external torques may get very large in magnitude. More-
over, in the presence of an external torque function with
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Fig. 1 Momentum
exchange control dy-
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nonzero average value, the time integral of external torques
will eventually exceed the momentum magnitude capability,
||Hc||max, of any physical controller. When this happens,
the angular momentum of the controller is said to be satu-
rated [caused by either the inertia wheels reaching maximum
allowable angular speed (reaction wheel system) or the
gimbaled spin axes of all of the wheels becoming colinear
(CMGs)]. An unsaturated CMG condition is shown in
Fig. 2 and a saturated CMG condition is typically illustrated
in Fig. 3. A saturated momentum exchange controller can
be desaturated, without inducing undesirable angular rota-
tions of the vehicle, only by applying new external torques
or by changing the direction and/or magnitude of the existing
external torques. In this way the momentum vector Hc of
the controller can be repositioned in direction and/or changed
in magnitude (norm) so as to once again have the capacity
to satisfy Eq. (2) (i.e., resist the original disturbance torque).
This process of restoring the resultant momentum vector of
the momentum exchange controller to an unsaturated con-
figuration, Fig. 2, is analogous to the refueling of the con-
troller and is sometimes called momentum dumping.

It is assumed in this study that the desired vehicle angular
velocity is zero which implies that the desired vehicle angular
momentum Hvd is zero (that is, preferred inertial orientations
of the vehicle are specified). However, the techniques pre-
sented here may readily be applied to the more general case
where the desired vehicle momentum is not zero (for in-
stance, spin stabilized bodies and Earth pointing satellites).
In the remainder of this study, the general rigid body in
Fig. 1 will be assumed to be an orbiting space station with
some specified mission which requires control of the vehicle
attitudes.

This paper presents a systematic approach to the problem
of efficient desaturation of CMG momentum exchange con-
trollers which makes optimal use of the natural environmental
torques acting on the spacecraft (gravity-gradient torques,
aerodynamics torques, etc.). Desaturation is defined ideally
as a resetting of the inertia wheel gimbal angles of the CMG
controller to some preselected values. The present study
of the CMG desaturation process is directed at finding the
best vehicle maneuvers for achieving desaturation. Thus,
the control law for the desaturation process, as developed
here, will, in effect, serve as guidance commands to the
CMG stabilized system. Two cases will be treated: one
where the predominant external disturbing torques are
caused by gravity gradients which are assumed completely
known a priori; and a more general case, where the magnitude
and waveform of the disturbance torque functions are un-
known and cannot be measured but are known to satisfy a
given Mh-degree linear differential equation. The problem
is attacked with the tools of modern control theory and is cast
into the format of a minimal energy optimization problem.

2. Development of the System Model

In this section it is assumed that the predominant external
disturbing torques acting on the vehicle are due to gravity
gradients which are completely known a priori. The atti-
tudes (01,02,0s) of the vehicle are measured with respect to an
inertial coordinate reference frame erected near the desired

h i= ^(ANGULAR MOMENTUM)

Fig. 2 Unsaturated CMGs—
reaction (control) torque ca-
pability (i.e., Hc can be

changed) in any direction.

| |«ill= CONSTANT

Fig. 3 Saturated CMGs—
no reaction torque capability

in direction of Hc vector.

attitude of the vehicle. As an example, Fig. 4 defines such
a frame for a typical sun-pointing mission. If the attitude
excursions of the vehicle frame (t;) about the reference frame
(z) are small, it can be shown38 that the gravity-gradient
torques may be expressed as the sum of two parts

Tg = T«(0 + G(08 (4)

where Tn is a function only of time, G(0 is a 3 X 3 time-
varying matrix and 6 is the 3-vector 0 = column (0i,02,03)
representing the small angle deviations of the vehicle frame
from the reference frame.

For the special case when the predominant external torques
are from gravity gradients, we will set Tex = TV Substi-
tuting Eq. (4) into Eq. (1) yields

H = Tn(0 + G(08, (• = d/dt) (5)

2.1 State Variable Form of the Model

In applications, the desaturation process for a momentum
exchange controller is usually required to take place within a
prescribed time interval to ^ t ^ T. Let d denote the de-
sired value of Hc(0 at the terminal time t = T of the de-
saturation process. Thus, d = TL(T)desired since we assume
Hvd(T) = 0. It is noted that HC(!F) - O^K^T7) where
Hc" represents the components of the controller momentum
in vehicle coordinates and v = ®z (see Fig. 4) is the trans-
formation between inertial and vehicle coordinates. A
momentum desaturation error vector He(0 may now be de-
fined as

H8(0 = H(0 - d (6)

and a vehicle attitude error can be expressed as

Oe(0 = 0(0 - 8. (7)

where Od is the desired value of 6(Tr). From Eqs. (5-7), the
equations of motion may be written,

e = Tn(0 (8)

Now, let a set of error state variables for the desaturation
process be defined as

= Hei = Hi — ffij
= He2 — HZ — 02 J (9)

= es = 3

Using Eqs. (5) and (9) the first derivatives of the state vari-
ables in Eq. (9) can be expressed as

xl = [£u(0*4 + £12(0*8 wi(t)

*3 - [£.l(0*4 + £82(0*6 + £88(0*6]

*4 = Ui\ x$ = u%; x& = Uz
where w = column (wi,Wz,Wz) = Tn + G6d, and

e- = Ui, i = 1,2,3

Equation (10) may be written more compactly as

x = A(0x + Bu + 2w(0

(11)

(12)
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v - vehicle coordinates
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z - inertial coordinates

Fig. 4 Coordinate systems for ATM example.

where x is the 6-vector defined by Eq. (9), u = column
(ui,U2,us), and A(0,B, and 53 are matrices defined by

A(0 = [03X3

LOsxs

B =

G(0-| 0
03X3 = | 0

.0
(13)

3X3. v —_
J

Equation (12) represents the over-all system model, or plant,
for the optimization study. It should be noted in Eq. (11)
that the control u(t) has been chosen as the vehicle attitude
rate. The physical problem is to find a control policy u(t)
to govern the vehicle attitude rates (during the specified
interval from fo to T) in a way that will meet the several
controller desaturation performance specifications as set
forth in the next section. It is recalled that the required
vehicle attitude rates Ui(t) = 6i(t) are obtained physically
by forced precession of the various spin axes of the gimbaled
inertia wheels as depicted in Fig. 2. The particular type of
apparatus used to carry out this forced precession is of no
concern in the present study but, in practice, it is usually
some sort of electrical torquing motor.

The physical control problem just described will now be
translated into the format of a precise mathematical op-
timization problem.

2.2 Precise Statement of a Mathematical Optimization
Problem

The performance specifications on^the desaturation process
are essentially 4-fold: 1) attain, as close as possible, ideal
desaturation; 2) prevent excessive attitude errors Qei(t) dur-
ing the desaturation process; 3) at t = T return the vehicle
attitude to the preferred value Od; and 4) drive the vehicle
rates 0» to approximately zero at t = T. It may also be
argued that the total energy required to make the special
maneuvers for desaturation is of importance since this energy
usually comes from solar panels and should be conserved.
Minimizing the integral of the vehicle rotational kinetic energy
(a function of the square of the rates) would give credence to
this energy consideration and also to excessive attitude errors.
That is, minimization of this integral would tend to keep
some sort of time average of attitude rate small but, if the
behavior of 6(0 is smooth, this will also discourage ex-
cessively large peaks in attitude error as well. For these
various reasons the minimization of the integral of vehicle
kinetic energy along the path x(t), to ̂  t ^ T, will be chosen
as the best single scalar functional to mathematically repre-
sent the control energy and peak attitude error considerations.

All four of the aforementioned specifications are of im-
portance in evaluating the total performance of a desaturation
policy. However, in order to utilize contemporary optimal
control theory to evaluate the relative goodness of any two
different control policies one must identify a single scalar
quantity (not four) on which to base a judgment. In the
present study, this will be accomplished by summing scalar
measures of the four performance specifications with weight-
ing factors indicative of their relative importance. In practi-
cal applications, such as the NASA Apollo Telescope Mount
(ATM) project which we will discuss in a later section of this
paper, it is particularly important to return the vehicle to the
reference attitude 6d at time T, even if the controller is not
completely desaturated [He(T) ^ 0]. This is required for
the ATM project in order to be prepared for certain mission
orbital pointing experiments which begin at terminal time
T. Therefore, it is convenient to say that specification 3
is A times more important than specification 2 and that
specification 1 is A times more important than specifica-
tion 2. Now, if appropriate positive definite scalar ex-
pressions for each of the four performance specifications are
chosen, then the weighted sum will constitute a single scalar
expression by which one can judge the relative goodness of
total system performance. Assuming that 6(T) = 0 is
achieved, a convenient positive definite expression for the
measure of specification 1) is the square of the momentum
error norm at time T. Namely,

||He(r)||2 = He(T)'He(T), ('—denotes transpose) (14)

Similarly, as a measure of specification 3 one can choose
the square of the attitude error norm at time T

= e.(zre.(r) (15)
The rotational kinetic energy (k.e.) of the vehicle at any time
t is given by (for small attitude deviations)

k.e. = (16)
where $ is the positive definite, symmetric 3 X 3 vehicle inertia
matrix (about body geometric axes). As explained previously,
the time integral of vehicle rotational kinetic energy is an ap-
proximate measure of the expended control energy and peak
attitude error. An over-all (total) system performance
measure / can now be formed as a weighted sum of Eqs.
(14) and ,(15) and the integral of Eq. (16). This gives the
mathematical functional to be minimized as

H.(!ZTAH.(!r)

ir
2 JtQ

(17)

where (A, A) = 3 X 3 symmetric, positive definite weighting
matrices and <p(t) is a positive scalar function of time chosen
so as to achieve 6(7") « O.J Using the definitions from
Eqs. (9) and (11), the functional [Eq. (17)] may be written
in more compact form as

WFxCT) + - u(i)'R(Ou(0* (18)

where

F =
3X3

-̂ -3 I > 0, R(0 = <^(0c0 > 0, for all h ^ t £

The mathematical optimization problem, then, is to find
a continuous vector control u(t),tQ ^ t ^ T, which minimizes
the functional Eq. (18) subject to Eq. (12) and the given

t One should choose <p(t) so that <p(t) ~ 1, £0 ^ t ^ (T - p),
P > 0, and <p(t) = "appropriately large" for (T - p) < t ^ T.
For instance, one might choose: <p(t) = I + e[(T + /3 - t)/P] -k,
(e,/3) = small > 0,/c » 1.
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initial condition x(fo) = x0. The times tQ and T are assumed
to be fixed a priori.

3. Solution of the Problem in the Case of
Known Disturbances w(t)

In the previous section the particular plant of interest was
shown to be described by a sixth-order linear time-varying
system of the form

COMMANDED VEHICLE RATES
CMC GIMBAL ANGLE -

VEHICLE KATE -

x = A(0x + Bu + Sw(0 (19)
However, the mathematical theory to be discussed in this
and subsequent sections is generally applicable to all systems
of the form of Eqs. (19) so that we hereafter consider x =
n vector, A(0 = n X n time varying matrix, B is an n X m
constant matrix, u is an m vector, w(0 is a time-varying
r vector, and S is an n X r constant matrix, in Eq. (19).

The problem of finding a vector control u(t) that will mini-
mize Eq. (18) subject to Eq. (19) and the boundary conditions

x(J0) = x0, x(T) = unspecified, (t0,T) = specified (20)
has been thoroughly discussed in Refs. 27-29. In Ref. 27,
the solution obtained was labeled unrealizable since it requires
advance knowledge of the disturbance function w(Z),£0 ^
t ^ T. In the particular problem considered in this section,
however, w(0 is just as well known as the plant parameters
in the matrix A(£). Therefore, in this section w(2) may be
realistically assumed to be a completely known function of
time to^t^T.

The candidates for the optimal control u*(£), can be
identified by straightforward use of the Pontryagin Prin-
ciple.30 For this purpose, the Hamiltonian is written as

#(*,x,u,P) = P' + Bu + Sw(0] + (21)

where p(t) is the costate n vector, and the extremal control is
determined as

u*(0 = -RCO^B'pCO (22)

It can be shown27 that, under appropriate assumptions, the
extremal control [Eq. (22)] exists and is unique so that Eq.
(22) actually represents the sought optimal (minimizing)
control. The vector p(t) obeys the differential equation

P - -A'(OP (23)

The corresponding transversality condition, which provides
a boundary condition on p(£), takes the form

p(T) = gradx(ix'Fx)1=T = Fx(T) (24)

Moreover, p(t) may be expressed in the first integral form

p(0 = K(0x(0 + h(0 (25)

where K(t) is an n X n time-varying symmetric matrix that
satisfies the matrix Kiecati differential equation

K(t) = -K(OA(0 - A(0'K(0 +
KCOBRCO^B'Ktf); K(T) = F (26)

and the vector h(t) satisfies the linear differential equation

= 0 (27)K(OSw(0;

Thus, from Eqs. (22) and (25), the optimal control law can be
written in the form

Since the matrix Riccati Eq. (26) is independent of h(0, it
may be solved independently of Eq. (27) starting at K(T) =

Fig. 5 Block dia-
gram of optimal de-
saturation control
system for case
when tc?(t), to < t
< T, is completely

known.

v = DESIRED H c(Tj

OPTIMAL DESATURATION CONTROLLER

F and integrating backwards to to. Then, with K(t) com-
pletely known, Eq. (27) may be solved starting at h(T) = 0
and integrating backwards to t0. These computations can
be done prior to t0 since they do not depend on x(£0). Thus,
the functions K(t),h(t) are functions only of (tOJT), and the
assumed known function w(t),ta ^ t ^ T, and can therefore
be completely determined before the problem starts. The
block diagram in Fig. 5 illustrates the feedback structure of
the optimal desaturation control law of Eq. (28).

If the initial and terminal times (t0,T) for the desaturation
process are to vary during the mission, the gains K(£) and the
forcing function h(t) must be computed prior to each de-
saturation interval. If the mission is such that a given
portion of the orbit is specified for desaturation (thus de-
fining t0 and T), the quantities K(£), h(0 can be entirely
pre computed before flight. On examining the time-vary ing
optimal gains for a specific mission, it may prove practical
and near optimal to substitute piecewise constant gains for
the elements of K(t) as proposed in Ref. 31.

The general control law established in this Section is di-
rectly applicable to the CMG momentum desaturation prob-
lem by using the particular definitions in Section 2 for A(0,
B,S,w(0,F, andR(i).

4. Solution of the Problem in the Case
of Unknown Disturbances w(t)

The theory discussed in Section 3 shows that the optimal
controller requires advance knowledge of the disturbance
w(£).§ If, as discussed in previous sections, the predominant
vehicle disturbance torques are from gravity gradients, it is
reasonable to treat w(t) as a known disturbance, since mo-
mentum exchange controllers do not expel mass and the
vehicle inertia tensor remains essentially constant (and
therefore the gravity-gradient torques do not change). If
gravity-gradient torques are not the only significant dis-
turbances and if the additional disturbances are not known
exactly then it is plausible that, from an engineering point of
view, the appropriate thing to do is to make some best esti-
mate^ w(0 of the disturbance function w(Z) and use that
estimate in the control law Eq. (28). In other words, replace
w(0 in Eq. (27) by the estimate w(t), t0 ^ t g T. Several

§ The external torques on the vehicle contribute terms in the
matrix A(0 as well as the forcing term Sw(Z). This section
treats the uncertainties in the forcing term Sw(£) of Eq. (19). It
is expected that [with similar uncertainties in A(£) and Sw] un-
certainties in Sw(0 will be more crucial because there are no
feedback paths around these terms; see Eq. (19). The specific
effect of uncertainties in A(£) (commonly called modeling errors)
should be studied by simulation.

If It can be shown that under certain separability conditions32

the stochastic version of the optimal control problem treated
here breaks into two parts; designing the estimator independently
of the control, and designing the controller as if the estimated
state is the actual state. In the deterministic version of the
problem treated here, we will proceed in the same spirit.
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schemes for computing an estimate w(t) are described in the
following paragraphs.

In the most general case of arbitrary unrestricted dis-
turbances, estimates w(2) are most effectively obtained by
the use of so-ca'led inverter systems. Suppose the system
under study is described by the state Eq. (19) where x is an
n vector, u is an m vector, m ^ n, and w is an r vector, r ^ m.
It is clear that the matrix 2 may be assumed to have maximal
rank, without loss of generality. In this case, an inverter
system for w(Q consists of a physically realizable apparatus
for performing approximate differentiation x(t) of the vector
x(0 and solving the equation

where

- Bu(01;i (29)

Equation (29) represents an instantaneous estimator which
provides an estimate of only the current value of w(0- This
type of estimator, for arbitrary disturbances, will not satisfy
the requirements of the present problem because it does not
predict the disturbance over future time as required to solve
Eq. (27) forh(0.

In general, it is not possible to predict the disturbance over
a future interval without some prior information about the
mathematical properties of the disturbance function w(t).
Therefore, in order to solve the present problem, it is necessary
to make some assumptions regarding a priori information
about the qualitative and/or quantitative properties of w(£).
One such assumption, which is particularly realistic for the
case of disturbance torques acting on orbiting spacecrafts, is
described in the next section.

4.1 A Dynamical Model for a Restricted
Class of Disturbances w(t)

One way to characterize the general qualitative features of
a function f(t) is to give a differential equation which f(t) is
known to satisfy. This idea is a useful method for char-
acterizing the unknown disturbances w(t) which act on
orbiting spacecraft systems of the form of Eq. (12) since
such disturbance functions are usually regular in nature and
close approximations to w»(£) can be obtained by summing
certain weighted combinations of the elementary functions:
tk,e±at, smut, tke±at smut, etc. In other words, the actual
physical disturbance approximately satisfies a linear differ-
ential equation. Thus, in this section, w(t) is assumed to be
accurately modeled by the dynamical disturbance process

w(0 = PY(0 (30)

Y(0 = DY(O (31)
where P is a known constant r X p matrix, D is a known con-
stant p X p matrix and the initial condition on Y(0 is com-
pletely unknown. By proper choice of the eigenvalues and
eigen-vectors of D, one can make the response w(0 of Eqs. (30)
and (31) simulate various combinations of a variety of common
functions such as steps, ramps, polynominals in t, sinusoids,
exponentials, etc. The use of a dynamical model of the
form of Eqs. (30) and (31), for the unknown disturbance
process w(£), was proposed in Ref. 39 and more recently used
inRef.40.

When w(0 is assumed to be modeled by the dynamical
process Eqs. (30) and (31), the solution Eq. (28), obtained
previously, can be expressed in a considerably improved
format. For this purpose, it is only necessary to adjoin
Eq. (31) to Eq. (19) to obtain the composite system

which can be written more compactly, as

z = Az + Bu

[i -
Writing the performance index, Eq. (17) in z coordinates gives

/[u] = \ z(T)'fz(T) + \ CT u«)'R(Ou(0* (35)
Z Z J to

where

• -
It is noted that F is positive definitive and F is positive semi-
definite as required for the existence and uniqueness of the
optimal control.27'29

According to the general results described previously, the
control that minimizes Eq. (35) subject to Eq. (33) and**

z(fo) = z0 = column (XO(YO)
z(5P)unspecified; t^T specified (37)

is given by,

u*(0 = -

where K(£) satisfies

(38)

K = -KA - A'K + KBR-B'K; K(T) = F (39)

Expanding Eq. (38) in original coordinates gives

u*(0 = -RCO^B'I Knx(0 + KurCOl (40)
where

["Kii Ki2 j
|_Ki2' K22j

= n X n Ki2 = n X p
K22 = p X p

Since the previous result Eq. (28) gives the general solution
and Eq. (40) represents the solution for the special case of
Eqs. (30) and (31), the two solutions may be equated to obtain
the following important relations.

Kn(0 = K(0; K12(0r(0 = (41)

In other words, when w(0 satisfies the differential Eqs. (30)
and (31), the function h(0 in the optimal control Eq. (28)
can be written as a linear function of the instantaneous
value^ of the variable y(0 as indicated by Eq. (40).

The result that the optimal control depends only on the
instantaneous value y(0 [and not on future values of y(OL
when Eqs. (30) and (31) hold, could have been anticipated

** Notice that YO, which is related to w0 by w0 = PYO, is as-
sumed known in the development of the "optimal" control law.
On the other hand, it has already been admitted that YO is, in
fact, unknown. In the next section, a scheme for computing an
on-line, real-time, estimate f(0 of f ( t ) [assuming Y(0 satisfies
Eqs. (30) and (31)] will be described. This scheme has the nice
property that f(0 -* YW quickly, regardless of the initial error
YO — YO- Thus, the unknown nature of YO only serves to intro-
duce a (small) degree of suboptimality in the otherwise optimal
control.

f t The instantaneous value of Y(0 contains all the information
needed to compute w(0, dvr(t)/dt, d*vr(t)/dt2, etc. In fact, by
Eqs. (30) and (31), dkvf(t)/dtk = PD*Y(«), so that the vector
function vf(t) in Eqs. (30) and (31) at least satisfies the sth order,
vector differential equation

0, where D8 + '1 = 0

(33)

is the minimal polynomial of the p X P matrix D, s ^ p. Of
course, the order k of the minimum order equation satisfied by
w(0 will ordinarily be less than s, depending on the null space of P.
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from the well-known fact that' all future values w(r), r ^ t
of Eqs. (30) and (31) are completely determined by the one
value rOOJw(r) = PeD<T-'>Y(0].

As a practical matter, however, even if w(t)\ obeys Eqs. (30)
and (31), one might not accurately know to which particular
solution of Eqs. (30) and (31) w(Z) corresponds. That is,
one might not have accurate knowledge of *f(0). In such
cases it is desirable to have a scheme for estimating the in-
stantaneous value of y(0 on-line. Such a scheme, which is
based on the notion of asymptotic differentiation, is described
in the next section.

4.2 An Asymptotic Estimator for the Instantaneous
Value y(t) When Eqs. (30) and (31) Hold

In early and unpublished researches, R. W. Bass proposed
a notably effective scheme for generating physically realizable,
asymptotic estimates of inaccessible states in linear systems.
This idea has been exploited more recently by Luenberger,88

Wolovich,34 Dellon and Sarachik35 and others. This ap-
proach is directly applicable to the present problem of esti-
mating y(£) since, in the formulation Eq. (32), the elements
of the unknown disturbance variable y(0 are considered as
auxiliary inaccessible states that augment the original system
state vector.

Assume that the system described by Eq. (33) is given
and let the output of that system be related to the augmented
state z by the expression

y = CZ, C = [InXn OnXp] (42)

In other words, y = x. It can be shown that the initial
state z(fo) of a completely observable plant of the form Eq.
(33) can always be precisely determined, in finite time, from
measurement of n(t) and the output y(t) over some positive
and finite length of time tQ < t ^ ti.2g The particular scheme
to be developed here is, essentially, an asymptotic realization
of this idea for the determination of y(t) from measurements
of y ( t ) . Therefore it will be necessary to assume hereafter
that the augmented state y is observable! t by measurements
of x ( t ) . This notion is made precise in the Appendix.

To proceed, let M be a real nonsingular (n + p) X (n + p)
matrix and define a nonsingular transformation on z such that

I = Mz = M(x/r) (43)

Further, partition £ into the two subvectors

I = M(x/Y) = «/y) (44)

and let M be written in the special form

*L ̂ L] (45)
iXn (JnXP J

where M = [MnMi2] is an arbitrary pX(n + p) matrix,
subject to the requirement that M is real and nonsingular-
It is easy to establish that

—— —— —— 1-M12-iMnJ
(46)V ;

Using Eqs. (32) and (46) the first derivative of Eq. (43) can
be written as

= [MAM-1]? + MBu (47)

JJ The state vector z in the system Eqs. (33) and (42) is com-

/
h

•0
^>/(o-,^o)C/C<l>(o-^o)c?o- is nonsingular for some finite ti > t0} where
<t*(t,to') is the ordinary state transition matrix for A(t).

where MAM"1 can be written in the partitioned form

TV/T A TV/r -1 P^11 Nl2~|MAM x = \ —- —
|_N2i N22 J

Nil = MuSPMuT1 +

w = MU(A - u (48)

and where

N22 = A -

MB = MuB

Then, Eq. (47) may be written in the sub vector form

% = Nu? + N12y + MuBu (49)

y - N21£ + N22y + Bu (50)

The vector y = x is the original system state vector which
is an assumed known (measured) quantity. The variable £
represents the unknown quantity to be estimated since, by
Eqs. (44) and (46), £ is a linear combination of the vectors
y and x. Now, let £ denote the vector output of an auxiliary
dynamical system defined by [compare with Eq. (49) ]

Nn? + N12y + MnBu (51)

where j ( t ) and u(2) are, respectively, the actual measured
output and input applied to the system of Eqs. (33) and (42).
Suppose £(£) is a solution to Eq. (51) and assume (for the
moment) that %(t) is an approximation to %(t). Then, the
corresponding estimate y(0 of y(Z) is determined by applying
the inverse transformation of Eqs. (44) and (46)

- Mnx) (52)

It will be shown in the next section that, provided D and
SP satisfy a certain algebraic condition, one can choose MU
and Mi2 so that the function y(£) generated by the auxiliary
dynamical system Eqs. (51) and (52) does indeed asymp-
totically approach the true value y(£) in arbitrarily short
settling time. In other words, the auxiliary system Eq.
(51), Eq. (52) then constitutes a physically realizable, on-line,
asymptotic estimator for computing an accurate estimate of
the current value of y(£) [and w(t) = Py(01- A block
diagram of the complete suboptimal momentum desaturation
feedback control system using the controller Eq. (40) and
the disturbance estimator Eqs. (51) and (52), is shown in Fig.
6.

4.3 Properties of the Asymptotic Estimator

If the block M12 in the p X (n + p) matrix M in Eq. (45) is
selected to have the special form Mi2 = 1PXP then Eq. (45)
takes the special form

M [ Mu lpXp~]
lnXn 0 J

(53)

and it is readily verified that M is always nonsingular regard-
less of the choice of MU. In fact, by Eq. (46), M"1 is then
given explicitly by

(54)

and the blocks in the partitioned matrix N, in Eq. (48), are
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Fig. 6 Suboptimal closed loop system using on-line
asymptotic estimator for the unknown disturbance vari-

able y(t).

given by
Nn = D + MnSP; N12 = MU(A - SPMu) - DMn

N21 = 2P, N22 = A - SPMn
(55)

The effectiveness of the estimator Eqs. (51) and (52) in this
case is clearly demonstrated by observing how the error

e = r - f (56)

propagates with time. It is straightforward to show that the
first derivative of Eq. (56) may be written in the homo-
geneous form

e = (D + MuSP)e (57)
Thus, under the particular choice Mi2 = I, if the completely
arbitrary p X n matrix MH can be chosen so that Eq. (57)
is asymptotically stable with arbitrarily short settling time,
then the solution y(0 of Eqs. (51) and (52) always quickly
approaches y(0 [likewise w(t) quickly approaches w(t) since
w = Py], This result obtains for any nonsingular Mi2 since
Mi2 only acts as a scale factor.

It turns out that one can indeed choose Mn so that Eq.
(57) is asymptotically stable with arbitrarily short settling
time if, and only if, the matrices D and SP satisfy the algebraic
condition

rank [P'S' D'P'S' D/2P'S'| . . . |D'^>P':£'] - p (58)
where q = rank (SP). The detailed derivation of Eq. (58),
and several effective algorithms for constructing an appropri-
ate matrix Mn, are presented in the Appendix. Thus,
assuming that Eq. (58) is satisfied and that Mn has been
appropriately chosen, one can deduce from Eq. (57) the
following important physical properties of the estimator.

1) The estimate y(0 will quickly converge to y(0 regard-
less of the initial error (y0 — fo)- This means that the
selection of the initial conditions £o of the estimator equation
Eq. (51) is not critical (i.e., may always be set to zero, if
convenient). For the special case where £0 = £o the system
performance is theoretically optimal at every instant of time.

2) The convergence of the estimate f (t) is independent of
the control policy u(t). Since u(£) is assumed to be also an
input to the estimator, it does not matter how u(0 is gener-
ated.

3) The stability properties of the estimator are independent
of the stability properties of the plant. Moreover, the rapid
asymptotic convergence of f (0 to yOO is assured even in the
presence of periodic and/or unstable disturbances (D may
have eigenvalues with zero or positive real parts).

4) The order of the auxiliary dynamical estimator system
Eqs. (51) and (52) is exactly the same as the order p of the

dynamical disturbance process Eqs. (30) and (31) which is
assumed to model w(t).

If the condition Eq. (58) happens not to be satisfied, then
it is not possible to choose Mn (or M12) so as to make e(0 -*
0 with arbitrarily short settling time. In this case, one can-
not depend on f(0 always approaching y(0 sufficiently fast.
However, in that event, it might still be possible to choose
Mn so that Eq. (57) is at least asymptotically stable. That
is, at least e(t) -» 0 as t -» ». The corresponding auxiliary
system Eqs. (51) and (52) would then produce an output
y(0 which at least "approaches" r(0 for sufficiently large
times t. Although sluggish in nature, such an estimator
might still be useful in certain specific applications where
the operating time (T - fo) is relatively long. A detailed
analysis of the precise necessary and sufficient conditions
for the existence of a matrix Mn which makes Eq. (57)
asymptotically stable, is presented in the Appendix.

An optimization and disturbance cancellation problem re-
lated to, but slightly different from, the one treated here has
recently been described in Refs. 36 and 40. The technique
proposed in Refs. 36 and 40, utilizes higher order derivatives
of u in the performance index (instead of u as in the present
problem) and requires that the control u(t) have the capabil-
ity to exactly cancel the disturbance w(t). (There must exist
a u such that Bu = — Sw for all w; see footnote 4 of Ref.
36.) This latter condition is necessary in order to achieve
x(£) -+ ±(f) _^ o as t -» co as required in the problem formula-
tion in Refs. 36 and 40. In the particular problem treated
in the present work, however, no such control exists [examine
Eqs. (12) and (13)] and indeed if it did, there would be no
momentum accumulation (desaturation) problem. More-
over, in that latter event, the general disturbance estimation-
feedback control scheme developed here (and depicted in
Fig. 6) would be similar to that described in Ref. 40.

5. An Application: The NASA Apollo
Telescope Mount (ATM)

In the NASA space project called Apollo Telescope Mount
(ATM), the sun is to be studied by means of an Earth-
orbiting manned space station. Some eight different scien-
tific experiments are to be performed by instruments mounted
on a gimbaled spar attached to the space station, This spar
is pointed to desired points on the solar disk by an Experi-
ment Pointing Control system (EPC). The spar itself is
gimbaled from the main carrier vehicle which is an S-IVB
stage equipped as a workshop. The carrier vehicle attitudes
are controlled by a CMG system of the type discussed in the
Introduction of this paper. The total configuration is
sketched in Fig. 4..

During experimentation periods (the so-called daylight
mode of operation) the vehicle axis Vi should point to the sun
while the Vi and v2 axes may be pointed in any fixed direction.
These latter directions are to be dictated by other considera-
tions such as the minimization of the degree of saturation in
the CMG system. The particular daylight flying attitudes
Bd which minimize the degree of saturation buildup in the
CMG system while allowing the vz axis of Fig. 4 to a point
along the sun line, have been derived in Ref. 38.

The choice of the parameter d in Eq. (6) determines the mean
of the ATM controller momentum over many orbits. Tech-
niques for selecting d with only gravity gradients acting
are discussed in Ref. 25.

In the so-called night mode of operation of the ATM, the
sun is occulted by the Earth and no sun pointing constraints
are placed on the vehicle. This period of flight can be used
to carry out the momentum desaturation of the CMG con-
trollers as discussed above in Section 3 (in the case of known
disturbances) and Section 4 (in the case of unknown dis-
turbances) of the present paper. For instance, Fig. 5 illus-
trates an optimal control configuration for ATM momentum
desaturation when the disturbances Sw(0 are assumed known
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(as is appropriate when gravity-gradient torques are the
predominant disturbances).

Aerodynamic torques would be included in the external
torques Tex in Eq. (1) when they are significant. In this
case, one would write the aerodynamic torques as a truncated
Fourier series as in Ref. 37. Small angle approximations in
the variables 6i would then be made in the analytical ex-
pression for Tex(0 which includes gravity gradient and aero-
dynamic torques. This would give an equation of motion
as in Eq. (5) except Tn(t) and G(0 will contain, in addition
to the terms already defined from gravity gradients, the
Fourier series terms from the aerodynamics. Then, a
control law of the form of Eq. (28) can be constructed ac-
cording to Section 3, where the definitions for Tn(t) and G(t)
are as noted above. Such a law would be optimal if the ex-
plicit mathematical function used to describe the disturbances
was exact.

However, the inevitable uncertainties and fluctuations in
atmospheric density and other variables at orbital altitudes
prompts one to consider the alternative disturbance esti-
mating control law (Fig. 6) that will adapt to such uncer-
tainties. For this purpose, one must choose the disturbance
modeling matrices D and P, such that Eqs. (30) and (31)
are satisfied for the Tn(0 previously defined [see text following
Eq. (10) for the relation between Tn and w]. Then, the
estimator Eqs. (51) and (52) will adapt to any magnitude
and waveshape of the actual Tn(0 if no new modal com-
ponents are present in the actual Tn(t) that were not modeled
in the analytical expression of Tn(t).

References 20-26 document the previously proposed
schemes for desaturating, and otherwise managing, vehicle
and controller momentum in the example ATM system. The
method proposed in this section of the present paper differs
from that of prior investigators in the following ways: 1)
the approach is systematic, using state variables and modern
control theory; 2) no special vehicle maneuver waveforms
are specified a priori, and no special assumptions are made
about vehicle inertia distributions§§; .3) the initial time to
and the terminal time T of the desaturation process can be
arbitrarily chosen; 4) a physically meaningful mathematical
performance criterion is identified for which the system is
optimized; 5) the controller is given in feedback form (Refs.
20 and 21 also have this property); 6) an effective technique
is described for accommodating a particular class of unknown
disturbances by means of a disturbance estimator. Some'
simulation results comparing the method presented here
with other methods of desaturating the CMG controller in
the ATM system are currently under study.

6. Conclusions

In this study, a rather general CMG momentum desatura-
tion control law has been derived that makes optimal use of
the natural external environmental torques acting on the
vehicle. One case is treated where the external disturbing
torques are assumed completely known a priori. For that
case, the optimal control law is a linear function of measured
states and requires that position and momentum errors be
fed back through specified time-varying gains. A second
case, where the external disturbance torques may vary, or
otherwise be uncertain, has also been considered. For this
latter case, the proposed controller automatically adapts to

§§ The desaturating maneuver angles should be small for the
linear optimization techniques presented here to be valid. Since
desaturation can only be accomplished if the polarity of the
environmental torques are reversed by the maneuvers, there
may exist situations involving large displacements between
principal inertia axes (about which gravity-gradient torques
act) and the geometric axes (from which desired pointing atti-
tudes are determined) for which torque reversal is not possible
with small angles.

the unknown disturbance torques and keeps over-all per-
formance near-optimal. This controller requires, in addition
to the specified time-varying gains, an additional dynamic
feedback loop that can be viewed as a real-time, on-line
estimator for determining the unknown disturbance function
w(r),£ ^ r ^ T, from measurements of the plant state x(£).

As an illustration of the general theory developed here, it
has been shown how one might apply the proposed method
to the NASA ATM project. The resulting desaturation con-
trol law appears to offer several advantages over previously
proposed schemes.

A topic not discussed in this paper is the rational selection
of d, the desired terminal momentum HC(T) of the desatu-
rated controller. This parameter, in effect, serves to define
ideal desaturation, since d is directly related to the gimbal
angles of the CMG controller. The best choice of d will,
of course, depend on the characteristics of a particular applica-
tion and will involve consideration of such things as the na-
ture of the mission, disturbance torques, etc.

Appendix

1. Necessary and Sufficient Condition that Eq. (57)
Can Be Stabilized with Arbitrarily Short Settling Times

In order for the auxiliary dynamical system Eqs. (51) and
(52) to qualify as a legitimate estimator of^ y(f) it is essential
that y(t) always quickly approach y ( t ) , regardless of the
initial conditions 7(fo),7(fo). Just how quickly this must
occur will depend, of course, on the given terminal time and
the nature of the function y(t) in each particular problem.
However, to be generally capable of accommodating any set
of given problem parameters, it is necessary that one be
able to choose Mn so that y(t) -> y(t) within any prespecified
(arbitrarily small) settling time. Since the spectrum of D
is completely unrestricted (except that complex eigenvalues
of D must occur in conjugate pairs) it follows from Eq. (57)
that the desired influence over settling time can be achieved
if, and only if, one can choose Mu so that the real part of
every eigenvalue of D + AfnSP is less than some arbitrarily
chosen large negative number. It is not difficult to show
that this latter property is entirely equivalent to the prop-
erty that one can choose Mn so as to realize any arbitrary
prespecified spectrum for D + Mn2P. It is recalled that a
matrix and its transpose share the same spectrum. Thus,
for mathematical convenience, we will hereafter work with
the transposed expression (D + Mn%P)' = D' + P'Z'M'n.

Wonham has recently shown, in Ref. 41, that every pre-
specified spectrum for L + NM, L = n X n, N = n X r,
M = r X n, can be realized by proper choice of M if, and
only if, the given pair (L,N) is completely controllable in the
sense of Kalman. That is, if, and only if,

rank[Af|LAf|LW[ . . . \L(n~q)N] = n (Al)

where q = rank N. Translating this result in terms of D' +
P'2'M'n, and using the aforementioned properties, we have
the first main result of this Appendix.

Theorem A-l

The matrix MU in Eq. (57) can be chosen so that the real
part of every eigenvalue of D + Mn2P is less than some
arbitrarily chosen large negative number (-* — °°) if, and
only if,

rank [P'S'|D'P'2'|D'2P'S'| . . . |D'<

where q = rank (SP).

= p (A2)

^ Through an oversight of the authors, most of the vectors
and matrices in this Appendix were not set in Boldface.
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In Kalman's terminology, the condition (A2) is said to
correspond to the condition that the pair (Z),ZP) is "com-
pletely observable." Physically, this implies that every
eigenmode of y = Dy can be observed by monitoring the
vector Sw(0,w = Py.

2. Effective Computation of a Stabilizing Matrix Mn
WhenEq. (58) Holds

The construction of a matrix Mn so that Eq. (57) has arbi-
trarily small settling times [when Eq. (58) or Eq. (A2) holds]
can be accomplished in several ways. One method consists
of formulating the search for Mn as a classical linear-quadratic
optimization problem.29 In this way, Mn is determined by
the expression

Mn = -jTrP'Z' (A3)

where TT = TT' > 0 is the unique, symmetric, positive definite
solution of the matrix quadratic equation

*•(£>' + 7?7) + (D + Q = 0 (A4)

Q is an arbitrarily selected, real, symmetric, positive definite
matrix, and rj is a nonpositive scalar constant. The resulting
eigenvalues of D + MuZP [and D1 + P'2'M'n], with Mn
given by Eq. (A3), will all have real parts less* than 77, but
their precise location is not known a priori since that eigen-
value pattern is determined, in a complex and indirect way,
by the choice of the matrix Q. It is remarked that a con-
siderable simplification of this stabilization procedure has
recently been proposed by B. Porter.42-43 However, it turns
out that Porter's method is not reliable,44 owing to certain
misconceptions in his derivation.

As an alternative procedure, one can synthesize the stabiliz-
ing matrix Mn by using the more precise pole assignment
method of Wonham.41 In this way, the desired eigenvalues
of (D' + P'Z'M'n) are arbitrarily preselected beforehand
(based on the control designers choice for the desired settling
times, etc.) and the required matrix Mn' is then computed.
Several effective schemes for carrying out this latter step are
described in Ref. 45.

3. Necessary and Sufficient Condition that Eq. (57)
Can at Least Be Stabilized

As pointed out in Section 4.3, if it turns out that Eq. (58)
[or Eq. (A2)] is not satisfied, it may still be desirable to
attempt to choose Mn so that Eq. (57) is at least asymp-
totically stable. For this purpose, it is useful to know the
necessary and sufficient conditions under which such a
stabilizing matrix Mn actually exists.

Stabilization of the system Eq. (57), consists of choosing a
real, p X n matrix Mn such that every eigenvalue of (D +
Ma'2 P) has a strictly negative real part. In this process,
the matrices (S,P,D) defined in Eqs. (12, 30, and 31) respec-
tively, are all assumed fixed. Intuitively, it seems plausible
that a stabilizing matrix Mn should exist if at least the un-
stable eigenmodes of D are completely observable in the
sense of Kalman. Here, it will be shown that this notion,
when made precise, is indeed correct.

It is recalled that the stabilization of (D + Mn2P) is en-
tirely equivalent to the stabilization of the transposed ex-
pression (Df + P'Z'M'n). In order to take advantage of
certain mathematical simplifications, we hereafter consider
the equivalent problem of choosing M'n to stabilize (Df +
P'2'Af'n). Moreover, since Z,P are fixed, we will write
SP = G. To begin, it is first necessary to define the stable
and unstable eigenspaces (modal subspaces) of D'.

* Recall that, in the complex plane, the spectrum of A +
yl, 17 ^ 0, is the spectrum of A shifted horizontally to the left
by the amount —17.

Definition

Let a (A) be the minimum polynominal of the real p X p
matrix D' and suppose a.(A) is factored into two coprime
polynomials

a(\) = «+(X)or(X) (A5)

where all zeros of a+(\) lie in the closed right-half complex
plane and all zeros of a~(X) lie in the open left-half complex
plane. Further, let the two (linear) subspaces E+ and E~
be defined as

' E+ = {x\a+(D')x = 0, xeE*} =
p+-dimensional subspace (A6)

E- = {x\a~(D')x = 0, xeE*} =
p —dimensional subspace (A7)

p+ + P~ = P

Then E+(E~) is the subspace of unstable (stable) modes of
the matrix Dr. Note that E+(E~) are D'-invariant sub-
spaces.

Next, it is necessary to identify the projection of an arbi-
trary xeEp onto the subspaces E+ and E~. For this purpose,
we proceed as in Ref. 46 and let the p X p matrix P+(P~) be
the projection operator projecting x onto E+(E~) along
E~(E+) (for the theory of projection operators, see Ref. 47)
and define

x+ = P+x = projection of x on E+ along E~ =
p vector (A8)

x~ = P~x = projection of z on E~ along E+ =
p vector (A9)

Finally, let the p vectors x+ and x~ be represented on the
subspaces E+ and E~~ in terms of suitable p+-dimensional
and p "-dimensional bases erected on E+ and E~. Then,
letting (y,z) denote the image of (x+,x~~) referred to those
bases, one can write

x+ = R+y, x+eE+ (A10)

(All)

where R+(R~) is any real maximal rank p X P+(p X p")
matrix whose columns form a basis for E+(E~).

Now it will be shown that, by means of an appropriate
similarity transformation, the underlying algebraic relation-
ship between Mn and the unstable and stable modes of D'
can be clearly exhibited. For this purpose, consider the non-
singular linear transformation

x = S(y/z); y = p+ — vector; z = p~ — vector (A12)

acting on the pth-order dynamical system [compare with
Eq.(57)]

D'x + <?'M

= M'uX

(A13)

(A14)

where the p vector x in Eqs. (A6 and 14) is a dummy variable
[not to be confused with the state vector x in Eq (12) ] and
S is a p X p matrix defined by

S = [R+\R~]

It is easy to establish the

Lemma

(A15)

( }
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Proof of the lemma

Since S is clearly nonsingular, it follows that
and is unique. Thus, it suffices to compute

to obtain

(P +'7? +} -1/? +/ P +
|4^l=f-

c-ic _ p^Xs s ~ L~o
where we have used the fact that

P+R + = R+, P+R- = 0

P-R+ = 0, P-R- = R-

exists

(A17)

(A18)

(A19)

Corollary

R+(R+'R+)-1R+fP+ R-(R-'R-)-iR-'p- = I (A20)
Using Eqs. (A15) and (A16), it is found that the transforma-

tion Eq. (A12) takes Eqs. (A13) and (A14) into the form

(A22)

where
A + — f/P+'P+^i ~i/?+ /n / /?+ f A OQ^^./I — ^JLl/ it ) Ll/ LJ £\j \.J\.£{j)

A ~~ = (R~fR~^~lR~fDfR~ (A24)
B+ = (R+/R+)-lR+fP+Gf

) G = 2P (A25)
.o~ = (R~ R~)~^R~ P~Gf (A26)

Expressions (A23-A26) follow from the fact that J5J+ and
#~ are D' invariant, together with the fact that P+x+ —
x+,P~x~ = x~, and P+x~ = P~x+ = 0, for all x+*E+,
x~eE~.

We are now in a position to state the second main result
of this Appendix as Theorem A-2.

Theorem A-2

A real p X n matrix Mn, which stabilizes (D + .Mn^P),
exists if, and only if, the pair (A+,B+) in Eqs. (A23) and
(A25) is completely controllable in the sense of Kalman
[see (Al)].

Proof of Theorem A-2

To prove theorem A-2's sufficiency, it is only necessary to
cite the well-known Fundamental Stabilization Theorem for
Linear Dynamical Systems48 which, for the particular system
Eq. (A21), states that: if the pair (A+,B+) is completely con-
trollable, then there always exists a matrix C+ such that
(A+ + B+C+) is stabilized. It follows that Eqs. (A21) and
(A22) [and therefore Eq. (57) as well] is stabilized by the
choice

'n = C+(R+'R+)-iR+'P+ (A27)
To prove necessity, suppose that the pair (A+,B+) is not

completely controllable. Then, since every eigenvalue of
A + has a nonnegative real part it follows that, for every time
function ft(t) = 4>(t), the corresponding solution of Eq. (A21)
satisfies

lim 0, 0 (A28)

This completes the proof of theorem A-2.
Theorem A-2 is satisfied, in particular, if p+ = 0 (all eigen-

values of D have negative real parts), in which case one can
achieve stabilization of Eq. (57) by the trivial choice Mn = 0.
The condition that (A +,£+) be completely controllable is

entirely equivalent to the condition that all eigenmodes of
the unstable subsystem 7 = Dy,D = A+', are observable
by monitoring the vector quantity 2w(t),w(t) = P+'R +

(R+'R+)-ly.
The construction of a matrix Mn which will stabilize Eq.

(57) (when Eq. (58) is not satisfied) can proceed in exactly
the same manner as before. Thus, to use the quadratic
optimization method, one simply replaces D' and P'2' in
Eq. (A4) by A+ and B+, respectively. The corresponding
matrix C+ is then given by C+ = —%B+fir and, finally, the
sought matrix Mn is given by the transpose of Eq. (A27). As
an alternative method, one can use Wonham's pole-assign-
ment method on the system A+ + B+C+ to determine C+.
Then Mn is given, as before, by Eq. (A27) transposed. In
any event, the eigenvalues of the original matrix NU —
(D + Mn2P) will, of course, consist of the stabilized eigen-
values of A+ + B+C+ together with the (originally) stable
eigenvalues of the matrix A ~.
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